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Development of composite coaxial cylinder
stress analysis model and its application to
SiC monofilament systems

C. M. WARWICK*, T. W. CLYNE

Department of Materials Science, University of Cambridge, Pembroke Street, Cambridge, UK

An analytical model is presented allowing prediction of the principal stresses in a system
composed of a set of coaxial cylinders, subject to temperature change or applied stress. The
materials must exhibit transverse isotropy of stiffness and thermal expansivity. The model
represents a development of an analysis published by Mikata and Taya, the modification
allowing any number of component cylinders and a finite outer radius. Use of the model is
illustrated by means of a series of examples involving SiC monofilaments. Application to the
behaviour of composites containing many aligned fibres is demonstrated, using cylinder radii
appropriate for the fibre volume fraction in the composite. It is shown by comparison with
predictions from an Eshelby maodel that this is an acceptable approximation, preferable to the
surrounding of fibre and mairix by an outer “composite’” layer of infinite radius.

1. Introduction

There is considerable interest in analysing the stress
state in a cylindrical rod surrounded by one or more
coaxial cylindrical tubes bonded at the interfaces. The
stresses of interest in such a system may arise from
external tractions or from temperature changes. For
example, if a fibre is to be coated with a thin protective
layer before incorporation into composite material, it
will be of interest to explore the generation of stresses
so as to reduce the danger of cracking in this layer.
Thin layers of Y,O5 have been found [1-3] to offer
good protection in nickel, magnesium and titanium
matrices, but stresses must be controlled if spallation
of the coating is to be avoided. Furthermore, mono-
filaments produced by chemical vapour deposition
{CVD) routes already have a core and sheath structure
and a fabricated long fibre composite will, in many
respects, exhibit behaviour which can be modelled as a
single fibre surrounded by the thickness of matrix
appropriate for the fibre volume fraction in the com-
posite.

Several analytical models [4-6] have been put for-
ward to describe the (fully elastic) stress field in a set of
two or more coaxial cylinders subject to thermo-
mechanical loading. The most complete of these, due
to Mikata and Taya [6], has been formulated for a
four-layer structure composed of fibre, coating, matrix
and (infinite) surrounding composite. The incorpora-
tion of the surrounding composite seems physically
appropriate, but it has the drawback that the axjal
foree balance imposed as one of the boundary condi-
tions becomes insensitive to the stresses in fibre and
matrix, so that the predictions become somewhat in-

consistent. Furthermore, the model is not exact in this
form, because the properties taken for the composite
are obtained by a weighting operation which is not
rigorous. Finally, in the form presented, the model
cannot be used to predict the stress state in a system,
such as a single-coated fibre, having an outer free
surface.

In the present paper an outline is given of how the
Mikata and Taya model can be modified to allow the
system to be composed of any number of concentric
cylinders, with the outer surface being free. For com-
pleteness, an outline of all the mathematics involved
is given in an Appendix, although this has much in
common with the Mikata and Taya treatment. The
new form of the model is then employed to explore
several situations of practical interest involving SiC
monofilaments.

2. Model development

The model is based on the imposition of various
boundary conditions for stress and strain compatibil-
ity, giving a set of simultaneous equations which is
solved by standard procedures. In the version de-
scribed here, the stresses are induced by a uniform
temperature change and/or applied stress (axial and
or radial). All the component materials are assumed to
exhibit transverse isotropy about the cylinder axis in
stiffness and thermal expansivity. This is a good ap-
proximation for most cases of interest, although situ-
ations can be imagined for which the assumption is
not valid. (An example is provided by a polycrystalline

* Present address: BP Research Centre, Sunbury on Thames, Middlesex, UK.

0022-2461/91 $03.00 + .12 © 1991 Chapman and Hall Ltd.

3817



coating exhibiting a strong texture symmetrical about
the radial direction.)*

Development of the expressions allowing prediction
of the final stress distribution is outlined in Appendix
1. The procedure consists essentially of ensuring equi-
librium of forces and strain compatibility, so as to
devise the set of simultaneous equations given at the
end of Appendix 1. In the present work these were
solved by a Gaussian elimination method to give the
principal stresses at a preselected set of radial lo-
cations within each material. The procedure involves
converting the five independent engineering constants
exhibited by a transversely isotropic material to a
stiffness tensor, using the matrix representation [7].
Although this falls within fairly standard elasticity
theory, the relationship between engineering constants
and stiffness tensor for a transversely isotropic elastic
medium is outlined in Appendix 2, for ease of refer-
ence. This paper therefore contains all the equations
necessary to implement the model.

3. Differential thermal contraction of
free fibres
A point of interest with regard to SiC monofilaments
concerns the differences between tungsten- and
carbon-cored products, in terms of thermal stresses.
Carbon fibre cores have been preferred by some manu-
facturers, although they need to be somewhat thicker
than the tungsten wires and the carbon also has a
larger mismatch of thermophysical properties with
those of SiC than is the case for tungsten. This is
apparent in Fig. 1, which compares the stress distribu-
tions® after cooling through a 1000 K temperature
interval for both types of fibre, using dimensions typi-
cal of commercial products in each case. Thermo-
physical data used in this and following calculations
are presented in Table I. Although the modulus and
- expansivity values of carbon fibre can vary over wide
ranges, it is in general predicted that large stresses will
build up in a carbon core as the temperature is
changed. Cooling after fabrication should lead to axial
compression, with tensile stresses in the hoop and
radial directions. For a tungsten core, on the other

hand, all core stresses are tensile, but the values are
lower. The SiC also sustains stresses in both cases,
although the significant values are confined to the
interior regions near the core and even these are not
much more than about 100 MPa. Again the stresses
are higher for the carbon core. These internal stresses
may not present a problem, and fracture of the fibre
will in practice probably be more sensitive to factors
such as flaws on the outer surface, but their existence
should be appreciated. It may be noted that with the
carbon cores, a compliant layer is sometimes created
on the surface, designed partly to reduce internal
stresses. For example, a thin graphitic layer with iso-
tropic properties may be produced. The stress dis-
tribution is then changed to that shown in Fig. 2. It
can be seen that this thin compliant layer is actually
predicted to have very little effect on the stresses
around the core.

There is also interest in the stresses generated in
thin surface coatings during temperature changes. For
example, yttria layers put down on to SiC mono-
filaments by sputter deposition should preferably be
formed at high temperature, as this encourages a
dense deposit [8]1. Typically, deposition will be follow-
ed by a temperature decrease of several hundred de-
grees. As yttria has a relatively high expansivity, this
gives rise to the large tensile hoop and axial stresses
shown in Fig. 3. These can readily cause cracking
before the coated fibre can be fabricated into a com-
posite. (Fortunately, there is scope during sputter de-
position to stimulate large compressive stresses in the
deposit by the so-called “atomic peening” effect [8],
which can largely offset these tensile stresses and hence
stabilize the coating against spallation.)

4. Thermomechanical loading of
composites

Of course, the stress distributions are quite different
once the fibres have been incorporated into a com-
posite. In the presence of a metallic matrix, accurate
calculation of the stresses is hampered by the fact that
the matrix is likely to undergo plastic flow and to
exhibit other non-elastic behaviour such as creep.

TABLE I Properties used in calculations (typical values from various sources)

Material Young’s modulus (GPa) Shear Poisson’s ratio CTE
modulus, G, mK™1)
(GPa)
Axial Transverse In-plane Axial Axial Transverse
E, Ey Via Vis oy ar
w 410 410 160 0.28 0.28 43 43
Sic 420 420 180 0.17 0.17 4.0 4.0
C fibre 200 20 20 0.25 0.20 0 10
C graphite 25 25 10 0.23 0.23 7 7
Y,0; 170 170 65 0.29 0.29 8.1 3.1
Ti 115 115 43 0.36 0.36 9.0 9.0

* An analytical model could be constructed in which the constituents exhibit only orthotropic symmetry (which would allow treatment of a
layer with symmetry of properties about the radial direction), although this would be at the cost of increased complexity.
* Note that the radial and hoop stresses in the central core layer will always be equal to each other. This can be.seen by substituting Equation

A20 into Equation A18.
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Figure I Comparisons between the stress distributions arising from a 1000 K temperature decrease for (a) a W-cored and (b) a C-cored SiC
monofilament.

Nevertheless, a model of the current type can be useful shown in Fig. 4. The axial and hoop stresses in the
in exploring the general nature of the stress fields, and titanium at the free surface would correspond appro-
in predicting the onset of inelastic behaviour. For ximately to the principal in-plane stresses that would
example, when a SiC fibre (with the effect of the core  be detected at the surface of such a composite. Indeed,
neglected} is incorporated into a titanium matrix, so the values predicted here are broadly consistent with
that it comprises about 35% by volume of the mater- recent X-ray diffraction data [9] obtained for a titan-
1al, the stress state can be represented using the coaxial ium-based alloy reinforced with approximately this
cylinder model with the components having the radii content of monofilament. That broad agreement is
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Figure 2 Stress distribution for a C-cored monofilament cooled through 1000 K with the outer 3 um of the core composed of isotropic
graphitic material.
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Figure 3 Stress distribution for a W-cored SiC monofilament with a 2 um thick yttria coating, after cooling through 500 K.

100

obtained for a 500 K decrease, while the fabrication stresses tend to be generated in the matrix close to the
temperature is typically about 800—900 K above room fibre, with the hoop and radial stresses being the pair
temperature, is readily explained by high temperature exhibiting the largest difference. This commonly leads
stress relaxation. Note that relatively large deviatoric to matrix plasticity adjacent to fibres in metal matrix
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Figure 4 Stress distribution for a SiC monofilament (with no core) surrounded by a thickness of Ti matrix corresponding to a composite

containing about 35% fibre, after cooling through 500 K.
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Figure 5 Predictions from the Eshelby equivalent homogeneous inclusion model for a Ti-35% SiC long-fibre composite cooled through
500 K. The stress in the fibre is predicted to be uniform, while the stresses shown for the matrix are volume-averaged values.

composites (MMCs) as a result of differential thermal
contraction, with the metal predicted in this case to
experience circumferential flow, but no movement in
the axial direction.

Of course, the model represents an approximation
for this case, in that the constraint effect of the sur-

rounding composite material is being neglected.
However, this probably makes little difference to the
predictions in practice. To illustrate this, data are
presented in Fig. 5 from the Eshelby equivalent homo-
geneous inclusion model, using the mean field appro-
ximation [10-12]. These also refer to a Ti-35vol %
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SiC long-fibre composite subjected to a 500 K temper-
ature decrease. The stresses shown in the matrix are
volume-averaged values, with the hoop and radial
stresses contributing to a mean transverse value. It is
clear that the stresses in the two predictions (Figs 4
and 5) show no significant discrepancies, strongly
suggesting that use of the current model with a single

fibre and a free surface is acceptable for representing
general features of the stress distribution within an
actual composite, provided that it is recognized that
the predicted stress state close to the free surface will
not be accurate.

Obviously, there is also interest in the response to
external loading. As an example of the type of effect
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Figure 6 Predicted stress distribution for a Ti-35% SiC composite with a tensile stress of 500 MPa applied parallel to the fibre axis.

Stress
(MPa) |
400 / -
Axial
200 - f -
Hoop
O B -
.
200 4 . R L I e
0 20 40 60 80
Radial distance (um)

Figure 7 Predicted stress distribution for a Ti-35% SiC composite subjected to a 500 MPa applied tensile stress along the fibre axis, together

with residual stresses resulting from a 500 K temperature decrease.
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that can be explored, Figs 6 and 7 show predicted
distributions for an SiC fibre in a titanium matrix,
subjected to a 500 MPa tensile stress along the fibre
axis, with and without the internal stresses associated
with a 500 K temperature decrease. In the absence of
thermal residual stresses, the fibre carries much of the
axial load and all the stresses in the matrix are rela-
tively low. However, the thermal stresses cause signi-
ficant changes, transferring much of the axial load to
the matrix, which must now sustain large deviatoric
stresses, particularly in the vicinity of the fibre. Evid-
ently, close attention must be paid to thermomechani-
cal history with such composites.

5. Conclusion

An analytical model has been outlined for prediction
of the stress distribution within a composite system
composed of a number of coaxial cylinders, perfectly
bonded at the mating interfaces, as a result of sub-
jecting this system to a uniform temperature change
and/or an applied stress in the axial and/or radial
directions. The model, which is mathematically rigor-
ous, is a development of an analysis published by
Mikata and Taya. The version presented here is more
general, in that it allows any number of component
cylinders in the model and is not restricted to having
an outer layer which is infinitely thick.

A number of predictions from the model have been
presented, using SiC monofilaments subjected to dif-
ferent situations. It has been shown, for example, that
cooling of CVD monofilaments from the fabrication
temperature can lead to large compressive axial stres-
ses in a carbon core, while significant hoop and radial
stresses appear in the SiC near the interface for both
tungsten and carbon cores. Attention has also ‘been
drawn to the difficulties of avoiding large tensile stres-
ses, and hence cracking, in coatings deposited (usually
at elevated temperature) on the free surface of fibres.
Such coatings may be applied for a variety of purposes
and in many cases have a higher thermal expansivity
than the fibre, leading to large tensile hoop and axial
stresses on cooling.

Finally, the model has been applied to predict the
stress state within aligned continuous fibre com-
posites, by choosing cylinder radii appropriate for the
fibre volume fraction. This has been used, for example,
to show that deviatoric stresses sufficient to cause
matrix yielding are easily generated during post-
fabrication cooling of metal matrix composites, parti-
cularly in-the region near the fibre. The predicted
stress state near the free surface of the outer cylinder
will obviously not correspond to that anywhere within
the real composite, but a comparison with predictions
obtained using the Eshelby equivalent homogeneous
inclusion with a mean field approximation has shown
that the predicted average stresses in both constituents
are correct in the current model, and it seems advis-
able not to use an outer “composite” layer of infinite
thickness. The stress state in the matrix near the fibres
is probably well represented by the proposed model,
and it is only near the free surface that the predictions
may deviate somewhat from the real situation. In
practice, of course, plastic flow or other relaxation

processes may cause the stress distribution in many
composites to differ considerably from that predicted
on the basis of elastic behaviour.
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Appendix 1. Stresses in concentric
cylinders

To find the stress distribution in a system of N concen-
tric cylinders, after a temperature change, AT, with
applied radial and longitudinal stresses, c,, and o,,.

r, 0,z Radial, tangential and longitudinal coordi-
nates

cw Stiffness of layer n

¢ Stress in layer n

e® Strain in layer n

ol Transverse coefficient of thermal expan-
sion (CTE) of layer n

o™ Longitudinal CTE of layer n

T, Temperature difference in layer n = AT

u,(r) Radial displacement in layer n

w,(z) Longitudinal displacement in layer n

u,, ug, u, Radial, tangential and longitudinal dis-
placements

1., B, BYY Parameters for layer n derived from stiff-
ness and CTE

Ty Outer radius of layer n
A,, B, Integration constants
E.F, Integration constants

The stress equilibrium relations in cylindrical co-
ordinates are

la (r) 6 (n) (n)
——( o) + ac’g" + g’z —Grﬂ ~ 0 (Ala)
ig(r 260 + = L ogy + oot _ 0 (Alb
r? or or r o8 0z (A1D)
13 loch ool
(n) zz
3 (ro )+ - - 36 + 3, = 0 (Alg)

The stresses are given by

o = CMen 4 C(n) (”) + CPe™ — BT, (A2a)
ow = CHlel + Cf) e‘e"e’ + Cijel? — BT, (A2b)
off = Cfiel) + Cllegy + Coell — BY'T, (A2e)
o = 2C%) R (A2d)
o = 2CHep, (A2e)
o = (Cf} = Cil)ey (A2f)
where By (€Y + Cal + CHRa™  (A3a)

BY = 2C0o + CHaf (A3b)
In terms of displacement, u, the strains are given by

n)
e = aa”_; (Ada)
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1ouy u™
(n} (3] r
= - Adb
€9 » o0 r ( )
()
e = 2 (Ado)
0z
1/0u™  u®
W= | = — A4d
s 2( ar | oz > (A4d)
1/ou)” 1 ou?
(n) 0 z -
= | — + - A4
“oe 2<az+r89> (Ade)
L/1ou®  duy’  up
e _ [ 2 % -0 8 Adf
0 2<r T r > (A4D)
Radial symmetry, therefore
u” = u,(r) (A5a)
uy’ = 0 (A5b)
u? = w,(2) (A5¢)
du
iving: = A6
giving Cpr o (Aba)
ey = = (A6b)
r
o — (A
0z
€ = ¢ = e =0  (A6d)

which, on substitution into Equations A2 gives
ou, oy OW,

off = Ot 4+ CR - CUTE - BT,
(ATa)
™ = o L cmbn n O BT
60 12 ar 11 r 13 aZ 1 n
(ATb)
o = cpo oy o’ e, (AT
# or r 0z "
o = 0 (A7d)
oo = 0 (A7e)
o = 0 (A7)

Substitution into Equations Al gives the differential
equations

A A
é(% ~ 0 (A8b)
by b,
ay;,, Gy, = 4§
a, ;1 a4y, - Gy
ay . Gy, Oy N
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di,N+1

a1, N+1

Ay, N+1

B(Yl)

1
(n)

Cl 1

where 1, = (A9)
Because we are considering a uniform temperature

change
a7,

=0 A10
dr (A10)
So Equations A8 are solved by
B
u,(r) = Ay + =2 (A11)
r
w,(z) = E,z + F, (A12)

The boundary conditions imposed are

o = o, atr =ry (A13)
+1

Uy = Uyyi, Wo= Wy, 00 =clDatr=r, (Al14)

forn=1to N -1

and
N Fn rN
Y J' crdr = J Gy rdr withr, = 0
=1 Jro-y 0
(A15)
Without loss of generality
Fi=F,= " =F= "=Fy. =Fy=0
(A16)
Equation Al4 leads to
E, =E;= " =E =" "=Ey., =Ey=E
(A17)

Substituting Equations A1l and A12 back into Equa-
tion A7 gives

. B, oo B,
o, = CEI[A,,—F}C&%[Aﬁr—Z]

+ CYE — AT (A18a)
B B
o = | a2 |+ onfa -2 |
+ CPBE - BPAT (A18b)
o, = 2C0%A,+ C{E — BYPAT (A18¢)
Because
T, = AT (A19)
4,(0) must remain finite
B, =0 (A20)

Now there are 2N simultaneous equations to set up

4.\ (A21a)

sz) =

di,N+2 dy,on-1  G1,2N

a1, N+2 ayan—-1 4y,2N8

a3, N+2 ai,aN-1 Q1,28




i.e each equation is of the form

N N

Z A4+ Z G-+ By + a nE = by
i=1 ji=2

fork = 1to02N {A21b)

Starting with Equation A14 gives N —1 equations

fork = 1toN—1

B B
Ay — Aysyre + 2 =L =0 (A22)
e T
Qe = T (A23a)
Gasr = — 1 (A23b)
1
R e (A23¢)
k
1
AN+ = - (A23d)
k
by = 0 {A23e)

Then Equation Al4 gives another N — | equations

fori=1ltoN—-Lk=N+i
ATCH, + O] = A [C4 Y + €17V

(*(r) C(lt)l C(z+ 1) C(lri*' 1
+ B,[ riz - Bi+1 riz

+E[CYy — C{3 V] =AT(RY - B{™Y)  (A249)
Ay,i = [CT, + CP, (A25a)
Ak,i+1 = — [C{Y + CE ] (A25b)
Cl C i)
GN+i-1 — [;Zr_z_ljl (A25¢)
C(i+ 0 C(i+ 1)
Gowei = — [‘Z‘HL] (A25d)
4y = [CPy —C{TY] (A25¢)
by = AT(RY —p§™Y) (A251)
Equation A13 yields one more equation
W — ¢
Ay[CN + C] + BN[——F H ] + ECY
= oo + BVAT (A26)
ayn = [CY + CPY] (A27a)
cN _ o)
Ay on-1 = [—%” S } (A27b)
ayon = Cf3 (A27¢)
by = oo + BNAT (A27d)

And Equation Al15 gives the final simultaneous
equation
.

Y, (2654, + CHE — BYATI(F -

i=1

- — 2
’i—l) = Opz N

(A28)

N -
Courf + AT Y, B0 —rky) = 24,02
i=1

+ 24,CH0E - )

+ 24,CH0F - i)

+ 7AN 1C(N 1)('"1%%1—’"1%7—2)

+ 24yCNEF ~r5-1)
+ E Z C, (rr —vi)) (A29)
Ay = 2C%r? {A30a)
ay,, = 2C8FE - r7) {A30Db)
don,i = 2C(1i)3 ("Lz - riz—l) (A30c)
Dy N-1 = 2C(N4U(”1%r—1 _rzz\l—z) (A30d)
dyyy = 2C040% —7h-1) (A30¢)
dsn, 2N T '—Zx C(3"3(rf - r?ﬂ) (A30f)
N
by = 002r§+ATZ ﬁg)(rlz _ri2—1) (A30g)
i=1

All other values of g, ; are set to zero and the simultan-
eous equations may then be solved to give the values
A,, B, and E which may be substituted into Equation
A18 to give the stresses.

Appendix 2. The transversely isotropic
stiffness tensor

The engineering elastic constants for a transversely
isotropic material are:

E; = in-plane Young’s modulus
E;, = longitudinal Young’s modulus
Vi, = lIn-plane Poisson’s ratio
vi3 = longitudinal Poisson’s ratio
G; = longitudinal shear modulus
Er
Vi = Viz—
31 13 E,
E
Gy = —
201 + vy3)
Letr, 0,z = cylindrical coordinates
G = stress
e = strain
Let
g, = O (A31a)
666 = 02 (A}lb)
Gy, = O, (A3lc)
Gy, = Oy {A31d)
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and

with

and

€s

Clearly

€5

€3
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G,, = Os (A3le)
G,y = Og (A31f)
e, = e (A32a)
Sl = e (A32c)
ey = €4 (A32d)
6, = €5 (A32e)
e, = e (A32f)
Ciieq + Crey + Ciyey (A33a)
Cley + Cyie; + Cizey (A33b)
Ciser + Cise; + Casey {A33c)
Casey (A33d)
Cuaes (A33e)
1
i(Cu Cia)ee (A33f)
G; = V130, Vi303 (A34a)
Er E,
— V120, 1+ 0, V1303 (A34b)
Er Ey
—Vi30; — V130, + 03 (A340)
EL
G4
G—L (A34d)
Cs
(TL (A34e)
2(1 + vy,) 04 (A341)
Eq
G (A35)
Cii Cin Cyy €
Ciy Cii Cys €3
Cis Ci3 Cs; €3
€
B | e, (A36)
€3
1/Ex —Vvi/Er —vi3/EL Gy
— Vi2/Ex 1/Er —vis/Ey [e5)
—Vvis/E —Vis/EL {/E; S5
S
Al o, (A37)
O3

Hence
B = A1 (A38)
det(4) = L _13, Via +M _E_E
EL ET ELET ET ET EL
Vi3 ViaViz + Vi3
E, Er
1 V2, E:\? v E-\?
_ zl_g_vlz"'lST
EEf K, Eg
k
= - A39
E B2 (A39)
where
2 2 2 2
vizEg viz Eg
= |[1-— - A40
k ( E, ) <V12+ E, ( )
So
B=A""
1 iji Viz E ViyViz + Vi3
E-E, FE FE{E E2 ELE,
_ELER| vip E _L__Xf_s Vi2Via + Vi3
"k \ E{E, E} E{E, E? E{E,
VizViz + Vi3 VaVe3 + Vs 1—vi,
ELE, ELEy, E?
(A41)
and thus
E.(E, — E.Vv?
C,, = E_Z<__L 2 L 13) (A42a)
c, = E Eivi, + ETV%:’: (A42b)
1
Coy = TV13( ;Vu) (A420)
1_ 2
Cs; = Ep kv” (A42d)
Cu = G (A42e)
The engineering clastic constants for an isotropic ma-
terial are
E = Young’s modulus
v = DPoisson’s ratio
B E
21+ v)
and Equations A42 simplify to
Cu = C33
E(1 —v?
_ Ed=v) (A43a)
k
CIZ = C13
Ev(l
_ Bd+v (A43b)
k
E
= A43
Cos = 505 (A430)



where

(1 —v2)? — (v + v?)?
(1 —=2v)(1 +v)?

(A44)
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